Abstract. In this paper we prove two sharp inequalities involving the normalized scalar curvature and the generalized normalized δ-Casorati curvatures for slant submanifolds in quaternionic space forms. We also characterize those submanifolds for which the equality cases hold. These results are a generalization of some recent results concerning the Casorati curvature for a slant submanifold in a quaternionic space form obtained by Slesar et al.: J. Inequal. Appl. 2014 
Introduction
In order to provide answers to an open question raised by S.S. Chern [13] concerning the existence of minimal immersions into Euclidean spaces of arbitrary dimension, Prof. B.-Y. Chen [8] introduced in the early 1990's new types of Riemannian invariants, known in the literature as Chen invariants or δ-invariants and established general optimal inequalities involving the new intrinsic invariants and the main extrinsic invariants for arbitrary Riemannian submanifolds. Thus was born the theory of Chen invariants, one of the most interesting research topic in differential geometry of submanifolds. After δ-invariants were invented and first inequalities were proved, such invariants and Chen-like inequalities were considered in different ambient spaces for many classes of submanifolds. For example, new optimal inequalities involving Chen invariants were recently proved in [1, 6, 10, 11, 12, 16, 18, 19, 22, 23] . We also note that some interesting inequalities for the length of the second fundamental form of the warped product submanifolds were obtained recently in [2, 3, 4, 5, 21, 26] .
On the other hand, it is well-known that the Casorati curvature of a submanifold in a Riemannian manifold is an extrinsic invariant defined as the normalized square of the length of the second fundamental form and it was preferred by Casorati over the traditional Gauss curvature because corresponds better with the common intuition of curvature [7] . Some optimal inequalities involving Casorati curvatures were proved in [14, 15, 17, 24] for several submanifolds in real, complex and quaternionic space forms. In this paper, we establish two sharp inequalities involving the normalized scalar curvature and the generalized normalized δ-Casorati curvatures for slant submanifolds in quaternionic space forms and also completely characterize those submanifolds for which the equality cases hold, generalizing some recent results from [24] .
Preliminaries
This section gives several basic definitions and notations for our framework based mainly on [9, 20] .
Let M n be an n-dimensional Riemannian submanifold of an m-dimensional Riemannian manifold (M m , g). Then we denote by g the metric tensor induced on M . Let K(π) be the sectional curvature of M associated with a plane section π ⊂ T p M, p ∈ M . If {e 1 , ..., e n } is an orthonormal basis of the tangent space T p M and {e n+1 , ..., e m } is an orthonormal basis of the normal space T ⊥ p M , then the scalar curvature τ at p is given by
and the normalized scalar curvature ρ of M is defined as
.
If ∇ is the Levi-Civita connection on M and ∇ is the covariant differentiation induced on M , then the Gauss and Weingarten formulas are given by:
and
where h is the second fundamental form of M , ∇ ⊥ is the connection on the normal bundle and A N is the shape operator of M with respect to N . If we denote by R and R the curvature tensor fields of ∇ and ∇, then we have the Gauss equation:
for all X, Y, Z, W ∈ Γ(T M ).
We denote by H the mean curvature vector, that is
h(e i , e i ) and we also set h α ij = g(h(e i , e j ), e α ), i, j ∈ {1, ..., n}, α ∈ {n + 1, ..., m}. Then it is well-known that the squared mean curvature of the submanifold M in M is defined by
and the squared norm of h over dimension n is denoted by C and is called the Casorati curvature of the submanifold M . Therefore we have
The submanifold M is called invariantly quasi-umbilical if there exists m − n mutually orthogonal unit normal vectors ξ n+1 , ..., ξ m such that the shape operators with respect to all directions ξ α have an eigenvalue of multiplicity n − 1 and that for each ξ α the distinguished eigendirection is the same.
Suppose now that L is an s-dimensional subspace of T p M , s ≥ 2 and let {e 1 , ..., e s } be an orthonormal basis of L. Then the scalar curvature τ (L) of the s-plane section L is given by
and the Casorati curvature C(L) of the subspace L is defined as
The normalized δ-Casorati curvatures δ c (n − 1) and δ c (n − 1) of the submanifold M n are given by
The generalized normalized δ-Casorati curvatures δ C (r; n − 1) and δ C (r; n − 1) of the submanifold M n are defined for any positive real number r = n(n − 1) as
if 0 < r < n 2 − n, and
) is a smooth manifold such that there is a rank 3-subbundle σ of End(T M ) with local basis {J 1 , J 2 , J 3 } satisfying for all α ∈ {1, 2, 3}:
, where Id denotes the identity tensor field of type (1, 1) on M and the indices are taken from {1, 2, 3} modulo 3. Then (M , σ, g) is said to be an almost quaternionic Hermitian manifold. It is easy to see that such manifold is of dimension 4m, m ≥ 1. Moreover, if the bundle σ is parallel with respect to the Levi-Civita connection ∇ of g, then (M , σ, g) is said to be a quaternionic Kähler manifold.
Let (M , σ, g) be a quaternionic Kähler manifold and let X be a non-null vector field on M . Then the 4-plane spanned by {X, J 1 X, J 2 X, J 3 X}, denoted by Q(X), is called a quaternionic 4-plane. Any 2-plane in Q(X) is called a quaternionic plane. The sectional curvature of a quaternionic plane is called a quaternionic sectional curvature. A quaternionic Kähler manifold is a quaternionic space form if its quaternionic sectional curvatures are equal to a constant, say c. It is well-known that a quaternionic Kähler manifold (M , σ, g) is a quaternionic space form, denoted M (c), if and only if its curvature tensor is given by
for all vector fields X, Y, Z on M and any local basis {J 1 , J 2 , J 3 } of σ.
A submanifold M of a quaternionic Kähler manifold (M , σ, g) is said to be a slant submanifold [25] if for each non-zero vector X tangent to M at p, the angle θ(X) between J α (X) and T p M , α ∈ {1, 2, 3} is constant, i.e. it does not depend on the choice of p ∈ M and X ∈ T p M . We can easily see that quaternionic submanifolds are slant submanifolds with θ = 0 and totally-real submanifolds are slant submanifolds with θ = π 2 . A slant submanifold of a quaternionic Käler manifold is said to be proper (or θ-slant proper) if it is neither quaternionic nor totally real. We recall that every proper slant submanifold of a quaternionic Kähler manifold is of even dimension n = 2s ≥ 2 and we can choose a canonical orthonormal local frame, called an adapted slant frame, as follows: {e 1 , e 2 = secθ P α e 1 , ..., e 2s−1 , e 2s = secθ P α e 2s−1 }, where P α e 2k−1 denotes the tangential component of J α e 2k−1 , k ∈ {1..., s} and α is 1, 2 or 3 (see [27, 28] ). (i) The generalized normalized δ-Casorati curvature δ C (r; n − 1) satisfies
Main results
for any real number r such that 0 < r < n(n − 1). (ii) The generalized normalized δ-Casorati curvature δ C (r; n − 1) satisfies
for any real number r > n(n − 1). Moreover, the equality sign holds in the inequalities (3) and (4) Proof. Since M is θ-slant, then it is known from [25] that (6) P β P α X = −cos 2 θX, ∀X ∈ Γ(T M ), α, β ∈ {1, 2, 3}, where P α X denotes the tangential component of J α X. From (6) it follows immediately that (7) g(P α X, P β Y ) = cos 2 θg(X, Y ).
for X, Y ∈ Γ(T M ) and α, β ∈ {1, 2, 3}. On the other hand, because M 4m (c) is a quaternionic space form, from (1) and (2) we derive
Choosing now an adapted slant basis{e 1 , e 2 = secθ P α e 1 , ..., e 2s−1 , e 2s = secθ P α e 2s−1 } of T p M , p ∈ M , where 2s = n, from (6) and (7), we derive (9) g 2 (P β e i , e i+1 ) = g 2 (P β e i+1 , e i ) = cos 2 θ, for i = 1, 3, ..., 2s − 1 and (10) g(P β e i , e j ) = 0, for (i, j) ∈ {(2l − 1, 2l), (2l, 2l − 1)|l ∈ {1, 2, ...., s}}.
By using (9) and (10) in (8) we get
We consider now the following quadratic polynomial in the components of the second fundamental form:
where L is a hyperplane of T p M . Without loss of generality we can assume that L is spanned by e 1 , ..., e n−1 . Then we derive
From (11) and (12), we obtain
which is equivalent to
From (13) of P are the solutions of the following system of linear homogeneous equations:
with i, j ∈ {1, ..., n − 1}, i = j, and α ∈ {n + 1, ..., 4m}.
From (14) it follows that every solutions h c has h α ij = 0 for i = j and the determinant which corresponds to the first two sets of equations of the above system is zero (there exist solutions for non-totally geodesic submanifolds). Moreover it is easy to see that the Hessian matrix of P has the form
where
0 denotes the null matrix of corresponding dimensions and H 2 , H 3 are the next diagonal matrices
Therefore we find that H(P) has the following eigenvalues:
Hence we deduce that P is parabolic and reaches a minimum P(h c ) for each solution h c of the system (14) . Inserting now (14) in (13) we get that P(h c ) = 0. So P ≥ 0, and this implies
Therefore we derive
for every tangent hyperplane L of M and both inequalities (3) and (4) obviously follow from (15) . Moreover, we can easily see now that the equality sign holds in the inequalities (3) and (4) for all α ∈ {n + 1, ..., 4m}. Finally, from (16) and (17) we deduce that the equality sign holds in (3) and (4) if and only if the submanifold M is invariantly quasi-umbilical with trivial normal connection in M , such that the shape operators take the forms (5) with respect to suitable tangent and normal orthonormal frames. 
Moreover, the equality sign holds if and only if M n is an invariantly quasi-umbilical submanifold with trivial normal connection in M 4m (c), such that with respect to suitable orthonormal tangent frame {ξ 1 , ..., ξ n } and normal orthonormal frame {ξ n+1 , ..., ξ 4m }, the shape operators A r ≡ A ξr , r ∈ {n + 1, ..., 4m}, take the following forms:
(ii) The normalized δ-Casorati curvature δ c (n − 1) satisfies 
Proof. (i) It is easy to see that the following relation holds
in any point p ∈ M . Therefore, taking r = n(n−1) 2 in (3) and making use of (22) we obtain the conclusion.
(ii) The following relation can be easily verified: (23) δ C (2n(n − 1); n − 1)
Replacing now r = 2n(n − 1) in (4) and taking account of (23) we derive the conclusion.
Remark 3.3. We note that the above Corollary was recently proved in [24] , but with a slightly modified coefficient in the definition of δ C (n − 1); in fact, in [24] it was used the coefficient n+1 2n(n−1) , as in [14, 17] , instead of n+1 2n , like in the present paper. However, because the normalized δ-Casorati curvature δ C (n − 1) should be able to be recovered from the generalized normalized δ-Casorati curvature δ C (r; n−1) for a positive real number r = n(n − 1), it would be more appropriate to define δ C (n − 1) using the coefficient n+1 2n and therefore the proof of Theorem 1.1 (i) in [24] should be adapted to the amended coefficient. But we would like to point out that this can be done easily replacing by (n+1)(n−1) 2 the coefficient n+1 2 of C(L) in the definition of a quadratic polynomial P between (12) and (13) from [24] and modifying the corresponding coefficients in (13) , (14) and (15) . Hence the eigenvalues of the new Hessian matrix of P become λ 11 = 0, λ 22 = n + 3, λ 33 = ... = λ nn = 2(n + 1), λ ij = 4(n + 1), λ in = 2(n + 1), ∀i, j ∈ {1, ..., n − 1}, i = j. and the rest of the proof in [24] remains unchanged.
